De La Vallée Poussin’s Theorem
and Weakly Compact Sets in

Orlicz Spaces

J. Alexopoulos

Illinois Mathematics and Science Academy

October 15, 1992



1 Introduction and Background

Recall that a subset K of L!(u) is called uniformly integrable if given € > 0 there is a § > 0
so that sup{[p |fldu : f € K} < & whenever u(E) < 6. Alternatively K is bounded and

uniformly integrable if and only if given € > 0 there is an N > 0 so that

sup{/[l ]]f]du:fElC}<&tWheneverczN.
fl>c

The classical theorem of Dunford and Pettis [5, page 93|, identifies the bounded, uniformly
integrable subsets of L!() with the relatively weakly compact sets. Another characterization
of uniform integrability is given in a theorem of De La Vallée Poussin [16, pages 19-20], which
states that a subset K of L'(u) is bounded and uniformly integrable if and only if there is an
N-function F so that sup{[ F(f)du : f € K} < co. We refine and improve this theorem in
several directions. The theorem of De La Vallée Poussin does not, for instance, specify just
how well the function F' can be chosen. It gives little additional information in case the set in
question is relatively norm compact in L'(p). Finally it gives no information on the structure
of the set in the corresponding Banach space of F-integrable functions. More specifically
we establish the fact that a subset K of L' is relatively compact if and only if there is an
N-function F € A" so that K is relatively compact in Ly, (Theorem 2.2). Furthermore we
prove that a subset K of L' is relatively weakly compact if and only if there is an N-function
F € A’ so that K is relatively weakly compact in L} (Theorem 2.5). In establishing this
last result, a weak compactness criterion for Orlicz spaces was used (Theorem 2.3). The
technique employed to prove this criterion was mainly averaging. Thus the natural question
of Orlicz spaces and their relationship to Banach-Saks types of properties arises.

Recall that a Banach space X has the Banach-Saks (weak Banach-Saks) property if every
bounded (weakly null) sequence in X has a subsequence, each subsequence of which, has

norm convergent arithmetic means. Subsequently we show that a large class of non-reflexive



Orlicz spaces has the weak Banach-Saks property, by establishing a result for these spaces,

very similar to the Dunford-Pettis Theorem for L'. Specifically we show that if F' € A,

and its complement G satisfies lim;_, o Cé((‘f)) = o0 for some ¢ > 0, then any weakly null

sequence in L} has equi-absolutely continuous norms (Theorem 2.8). As a corollary to this
theorem we have that if ' is as above then a bounded set in L}, is relatively weakly compact
if and only if it has equi-absolutely continuous norms (Corollary 2.9). Furthermore, under
the same hypothesis L}, has the weak Banach-Saks property (Corollary 2.10). These results
complement the ones of T. Ando in [2]. We proceed to give an application in convex function
theory by answering negatively the following question posed in [12, page 30]: Given an N-
function F' € A/, is it possible to find an N-function H equivalent to F' so that H satisfies

the A’ condition, for all real x,y ?

1.1 Some facts about N-Functions

Here we will summarize the necessary facts about a special class of convex functions called
N-functions. For a detailed account of these facts, the reader could consult the first chapter

in [12].

Definition 1.1 Let p: [0,00) — [0, 00) be a right continuous, monotone increasing function

with

2. limy_, o p(t) = oo;
3. p(t) > 0 whenever t > 0;

then the function defined by



1s called an N-function.
The following proposition gives an alternative view of N-functions.

Proposition 1.1 The function F' is an N-function if and only if F is continuous, even and

convexr with

1. hmxﬁo

2. lim,_o F(z)

= 00;
3. F(x) >0 ifz>0.
Definition 1.2 For an N-function F' define
G(z) = sup{t|z| — F(t) : t > 0} .
Then G is an N-function and it is called the complement of F.

Observe that F'is the complement of its complement G.

Theorem 1.2 (Young’s Inequality) If F' and G are two mutually complementary N-functions
then

xy < F(z)+G(y) Vr,ye R.

Proposition 1.3 The composition of two N-functions is an N -function. Conversely every

N-function can be written as a composition of two other N -functions.

The following material deals with the comparative growth of N-functions.

Definition 1.3 For N-functions Fy, Fy we write Fy < Fy if there is a K > 0 so that Fy(z) <
Fy(Kzx) for large values of x. If Fy < Fy and Fy < Fy then we say that Fy and Fy are

equivalent.



Proposition 1.4 If F; < F, then Gy < Gy, where G; is the complement of F;. In particular

if Fi(x) < Fy(z) for large values of x then Go(x) < Gy(x) for large values of x.

Definition 1.4 A convex function @ is called the principal part of an N-function F, if

F(z) = Q(x) for large x.

Proposition 1.5 If ) is conver with lim Q)

T—00

= oo then Q is the principal part of some

N -function.

Definition 1.5 An N-function F is said to satisfy the Ao condition (F € Ag) if

limsup,_, 12((2;3) < oo. That is, there is a K > 0 so that F'(2x) < KF(x) for large values of

x.

Definition 1.6 An N-Function F is said to satisfy the A" condition (F € A') if there is a

K >0 so that F(zy) < KF(x)F(y) for large values of x and y.

Definition 1.7 An N-function F' is said to satisfy the Ag condition (F € Ag) if there is a

K >0 so that xF(z) < F(Kx) for large values of x.

Definition 1.8 An N-function F is said to satisfy the A? condition (F € A?) if there is a

K >0 so that (F(z))* < F(Kz) for large values of x.
Theorem 1.6 Let F' be an N-function and let G be its complement; then the following hold.
o [fF e A then F € As.
o [f F € Aj then its complement G € As.
o If ' € A? then its complement G € A.
o [f F € Ay then there is a p > 1 so that if H(x) = |x|P then F < H.

Finally the classes A, Ao, A3 and A? are preserved under equivalence of N -functions.



The following proposition plays an important role for the results that follow.

Proposition 1.7 Given any N-function H there exists an N-function F € A’ so that

F(F(z)) < H(z) for large values of x.

1.2 Some facts about Orlicz Spaces

In this section we summarize the necessary definitions and results about Orlicz spaces. A
detailed account can be found in chapter two of [12]. Throughout this paper p is assumed

to be a finite measure.
Definition 1.9 For an N-function F' and a measurable f define
F(f) = [ F(/)dn.
Let Ly = {f measurable : F(f) < co}. If G denotes the complement of F' let
L3 = {f measurable : |/fgd,u| < oo Vg€ Lg}.

The collection L}, is then a linear space. For f € L} define

1£lr = supd] [ fodul : Glg) <1} .

Then (L3, | - ||F) is a Banach space, called an Orlicz space. Moreover, letting || - || be the
Minkowski functional associated with the convex set {f € Ly : F(f) < 1}, we have that ||-||»)
is an equivalent norm on L, called the Luzemburg norm. Indeed, || f||my < || fllr < 2/ f|l#).

forall f € L.
The following theorem establishes the fact that an Orlicz space is a dual space.

Theorem 1.8 Let F' be an N-function and let Er be the closure of the bounded functions in
Ly.. Then the conjugate space of (Ep, | - |(r)) is (Lgs || - ||a), where G is the complement of
F.



Theorem 1.9 Let F' be an N-function and G be its complement. Then the following state-

ments are equivalent:

1. L% = Ep.

2. L= Lp.

3. The dual of (Ep,| - ||k s (L | - )

4. F e,
Theorem 1.10 (Ho6lder’s Inequality) For f € L}, and g € L}, we have

[ 1£5ldn < 11flr - gl -
Theorem 1.11 If f € L3 then
If e = inf{;(l FF(RS) k> 0} |

It follows then that f € L% if and only if there is ¢ > 0 so that F(cf) < oo.
Proposition 1.12 If ||f||r < 1 then f € Ly and F(f) < ||f||F-

Comparison of N-functions, gives rise to the following result concerning their corresponding

Orlicz spaces.

Proposition 1.13 If Fy < F, then Ly, C Ly, and the inclusion mapping is continuous.
Definition 1.10 We say that a collection IC C L} has equi-absolutely continuous norms if
Ve>030 >0 so that sup{||xefllr: f € K} <e whenever u(E) < 0.

For f € L} we say that f has absolutely continuous norm if {f} has equi-absolutely contin-

uous norms.



The following two results deal with the equi-absolute continuity of the norms.

Theorem 1.14 A function f € L}, has absolutely continuous norm if and only if f € Ep .

Theorem 1.15 If K C L}, K has equi-absolutely continuous norms and K is relatively

compact in the topology of convergence in measure, then K is relatively (norm) compact in

L.

2 The Main results

2.1 De La Vallée Poussin’s Theorem revisited

Lemma 2.1 If F' € Ay and K C L}, then the following statements are equivalent:

I) The set KC has equi-absolutely continuous norms.

II)The collection {F(f) : f € K} is uniformly integrable in L'.

Proof : The implication “(I) = (II)” follows directly from the fact that

| F (i = [ FOwf)du = Flxsf) < Ixefle

whenever ||xgf|lr < 1.
Next suppose {F(f) : f € K} is uniformly integrable. Let ¢ > 0 and choose n € IN so
that 5t < e. Since F' € Ay, there are K > 0, ¢ > 0 so that F(2"z) < KF(z) for z > c.

Choose 0 < § < #(C) so that

sup{/EF(f)d,u  f € lC} < 21[( whenever p(E) < 0.

Then for pu(F) < 6, f € K we have

[P ndn < [ Fe)du+ F2"f)dp
E E EN[|f|>c]
1
< S+ K F(f)dp < 1.
2 B[ |f|zc]



Thus [|2"fxellr < [ F(2"fxp)dp+1 <2. So [|[fxelr < i <e. 8

From this lemma we obtain the following characterization of norm compact subsets of L!.

Theorem 2.2 A subset K of L'(p) is relatively compact if and only if there is an N -function

F e A so that K is relatively compact in L.

Proof :  Since the inclusion map L% < L' is continuous, sufficiency follows.

Suppose K is relatively compact in L!. Then K is also relatively weakly compact in
L' and so by the theorem of De La Vallée Poussin there is an N-function H so that
sup{[ H(f)dp : f € K} < co. Choose now an N-function F' € A’ with F'(F(x)) < H(z)
for large values of x. Thus sup{[ F (F(f))du | f € K} < oo and by De La Vallée Poussin’s
theorem again, we have that {F(f) | f € K} is uniformly integrable in L'. So by Lemma
(2.1) K has equi-absolutely continuous norms in L}. Since K is relatively compact in L', it
is also relatively compact in the topology of convergence in measure. Hence K is relatively
compact in L%. 1

The following result deals with relative weak compactness in L7,. We begin by mentioning
a remarkable theorem of J. Koml6s [11]: If (f,,) is bounded in L' then there is a subsequence
(fn.) of (fn) and a function f € L' so that each subsequence of (fn,) has arithmetic means

j-a.e. convergent to f.

Theorem 2.3 Let K C Lj. If K has equi-absolutely continuous norms and it is norm
bounded, then K is a Banach-Saks set in L},. In particular K is relatively weakly compact in

L.

Proof : Since K has equi-absolutely continuous norms, K C Er. Let (f,) be a sequence in

K. Since (f,) is bounded in Li-norm, it is also bounded in L'-norm. Hence by Koml6s’s



theorem, there is a subsequence (f,,) of (f,,) and a function f € L' so that any subsequence
of (f,,) has p—a.e. convergent arithmetic means to f. Let G denote the complement of F.

Note that for any measurable E' and any g € L¢, with ||g|/s) < 1 we have

I/ngfdul < /ngEfldu
. 1 &
< timinf [ lgxp— - fuldp
no=
1 n
< sup— Y. /’gXEfnk’dﬂ
n N =1

1 n
< s> gl - lxefule
n k=1

< sup{||xeh|F: h € K}.

Thus |[xpfllr < sup{| [ gxsfdul - llgle <13 < swp{lxehllr : h € K} So f € L
and f has absolutely continuous norm. Let (hy) be any subsequence of (f,,) and let a, =
% 22:1 hi.

We now claim that a, — f in L%—norm. Since the inclusion map L}, — L' is continuous,
there is a K > 0 so that ||g|[; < K||g||(e) for all g € L,. Fix € > 0 and choose 6 > 0 so that
sup{|[xahllr : h € K} < § whenever u(A) < 0.

By Egorov’s theorem, there is a measurable set £ with u(Q \ E) < § so that a, — f
uniformly on E. Choose N € N so that |[xg(a, — )|l < 57 Whenever n > N. Then for

any g € Lg with [|gl¢) <1 and n > N we have

| [9an—Dnl < [lgl-lan — fldp

= /|g| Idu+/ an — fldp

gl XE(an =P lle + 1l - I xa\s(an = f) lIr

IN

IN

KI|9||<G> 7 T l9ll@Ulanxasle + [/ xapllF)
9 €

< —+=Xhn +o
5+l (n 2 k) xavellr + 3

10
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So the claim is established.
Thus K is a Banach-Saks set in L%. It also follows that f,, — f weakly in L} and so K

is relatively weakly compact in L}, thanks to the Eberlein-Smulian theorem. I

A. Grothendieck has shown that if 1 < p < oo and X is a closed subspace of LP(pu)
contained in L*°(u), then X is finite dimensional (see [7] and [18, ch. 5]). We generalize this

result as follows.

Theorem 2.4 Suppose that X C L>®(u) and suppose that X is a closed subspace of an

Orlicz space Ly, . Then X is finite dimensional.

Proof : Let iy : X «— L*®(u) and iy : L>(u) < L7 be the natural inclusion maps, with
X having the topology inherited from L. . Let (f,,) be a sequence in X and assume that
| fo— f |lr— 0 for some f € X . Also assume that || f, — g ||co — 0 for some g € L>°. The
first assumption yields a subsequence (f,,) of (f,) with f,, — f © —a.e.. Since f, — ¢
uniformly 4 — a.e. we have that f = g u — a.e. . Thus by the closed graph theorem i, is
continuous.

Now by Theorem (2.3) iy is weakly compact and as L*°(u) has the Dunford-Pettis prop-
erty, iy is completely continuous. Hence 75 014, is weakly compact and completely continuous.
But i5 0 4y is the identity on X. Now it is not hard to see that the identity on X is compact
and hence X is finite dimensional.

We now prove the following stronger version of De La Vallée Poussin’s theorem.

Theorem 2.5 A set K is relatively weakly compact in L' if and only if there is F € A’ so

11



that KC us relatively weakly compact in L.

Proof : Since the inclusion map L} < L' is continuous and thus weak-to-weak continous,
sufficiency follows. So suppose that K is relatively weakly compact in L'. By De La Vallée
Poussin’s theorem, there is an N-function H with sup{[ H(f)du: f € K} < oo. Let FF € A’
with F' (F(x)) < H(z) for large x. Sosup{[ F (F(f))du: f € K} < oo, and by De La Vallée
Poussin’s theorem once more, we have that {F(f) : f € K} is relatively weakly compact
in L'. Hence by Lemma (2.1), K has equi-absolutely continuous norms in L%. Since K is
obviously bounded in L}, we then have that K is relatively weakly compact in L}, thanks

to Theorem (2.3). 1

Remark: If K C L! and if there is an N-function F with its complementary G € A, so
that sup{ [ F(f)du: f € K} < oo then K is a bounded subset of L” for some p > 1.

Indeed, if G € A, then there is ¢ > 1 so that L? C L§. Let T': LY — L denote the
natural inclusion map. Then if %+% = 1 the adjoint operator 7™ : L}, — LP is also a natural
inclusion map. Since 7' is continuous so is 7. Hence K bounded in L}, implies that & is

also bounded in LP.

2.2 Orlicz Spaces and the weak Banach-Saks property

In this section we deal with a special class of non-reflexive Orlicz spaces, namely those spaces
whose generating N-function F satisfies Ay and the function G complementary to F' satisfies
limtqm% = oo for some ¢ > 0. In particular we will show that these spaces satisfy the
weak Banach-Saks property. This class of spaces has been examined by D. Leung [13]. At

this point we should mention that V. A. Akimovich has shown in [1] that every reflexive

Orlicz space over a probability is isomorphic to a uniformly convex Orlicz space. Combining

12



this result with Kakutani’s result in [10] that states that uniformly convex spaces have the
Banach-Saks property, one can immediately conclude that reflexive Orlicz spaces have the

Banach-Saks property.

Lemma 2.6 Let K C L3 where F' € Ay. Suppose that K fails to have equi-absolutely
continuous norms. Then there is an g > 0, a sequence (f,) C K and a sequence (E,) of

pairwise disjoint measurable sets, so that || xg, fa ||F > €0 for all positive integers n.

Proof : Since K does not have equi-absolutely continuous norms, there is an 79 > 0 and
sequences (k,) C K, (A,) C X, with pu(4,) < 2%, so that || xa,kn ||F> no for all positive

integers n. For each n let B, = j’;n A;. Then B, D B,;. Furthermore

=n(U 4) < Xonl4y) <X 21
j=n j=n j=n
as n — oo, with || xg,kn ||F > || xa,kn ||F> no for all positive integers n. Since F' € Ay we
have that each f € L} has absolutely continuous norm. So if n; = 1 then there is ny > ny
so that || X, \Bn,kn, lr > 5 (After all u(B,) \ 0 ). Let £y = B, \ By, and let f; = k,,.
Now choose nz > ny so that || xp,\5,,kn, [|[F > 5. Let Ey = By, \ By, and let fo = ky,.
Continue on. The result is now established if we take e = 2 . i

We next present a “Rosenthal’s Lemma” type of result. (cf. [5, page 82].)

Lemma 2.7 Let X be a Banach space. Suppose that (x,) C X is weakly null and (z}) C X*
is weak®™ null. Then for each ¢ > 0 there is a subsequence (ny) of the positive integers, so

that, for each positive integer k we have

Yo l<an an, > <e.
7k
Proof : Let ¢ > 0. Let n; = 1. Since z} — 0 weak™ there is an infinite subset A; of the

positive integers so that 3¢ 4, |< #},7,, >[ < § . Since z, — 0 weakly and since A, is

infinite, we can find ny > ny with ny € Ay, so that [< 2}, ,z,, >| < 5 . Similarly there is an

13



infinite subset Ay of Ay so that 3-;c4, [< 7}, 7,, >|< 5. Again choose n3 > ny with ng € A,
so that |< z ,2,, >| < £ and |< ), 2,, >| < § . There is an infinite subset Az of A, so
that 3 ;ca, |[< 25,25, >| < 5. Choose ny > ng with ny € Az so that |< z}, ,x,, >| < § for

1 = 1...3. Continue inductively to construct a sequence of infinite subsets of the positive

integers, A1 D Ay--- D A D --- and a sequence n; < ng < --- of positive integers with

(1) ngs1 € Ay for all k.
(i1) dol<amy,,, > < ° for all k.
JEAL 2

(1ir) |< $2j7$nk+1 >| < % for all k and for j=1,2,... k.

Now for fixed positive integer k£ we have

k—1 o)
> < Tps Ty, > = Y < Lo Ty, >| + Yo« Ty Ty > |
j#k j=1 J=k+1
€
< — (k-1 <axr >
c Sy S,
2 2 7

And so we are done. 1

Now we are ready for the main result of this section.

Theorem 2.8 Suppose that F' € Ay and that its complement G satisfies

’ G(ct)
i G(t)

= o0 for some ¢ > 0.

Then any weakly null sequence in L} has equi-absolutely continuous norms.

Proof : Suppose not. Then there is a weakly null sequence (f,,) C Lj. that fails to have equi-
absolutely continuous norms. Using Lemma (2.6) we may assume that there is an gy > 0
and a sequence (E,) of pairwise disjoint measurable sets so that || xg, f. ||F > €0 for all

positive integers n. Now choose a sequence (g,) C Lg so that each g, is supported on E,

14



with [ G(g,)dp < 1 and so that | [ g,fndp | > eo. For a fixed f € L} Holder’s Inequality

yields
| [ fgudn | =1 [ o, Fgudie | < xe,f e -l gl -

But since (F£,,) are pairwise disjoint and p is finite we have that p(E,) — 0. Furthermore
since ' € Ay and f € L}, f has absolutely continuous norm. Thus || xg,f ||[r — 0. As
(gn) is norm bounded, we can conclude that || xg, f ||l - || g |lc = 0 and so [ fg,du — 0.
Hence (g,,) is weak* null. By Lemma (2.7) there is a subsequence (ny) of the positive integers

so that for each k we have Y-, 1 | [ gn, fa,dp | < 5.

G(ct)
G(t)

We now claim that [G(%)dy — 0. Fix ¢ > 0. Since lim; o = oo then

limy; o GG(Z)C) = 0. Choose t; > 0 so that Gc(:t(é)C) < 5 whenever ¢t > t, . Since pu(£,) — 0,
there is a positive integer N so that u(E,) < m whenever n > N. Hence if n > N we
have

/G(gn/C)du = /[Ign<t0]G(gn/C)du + /[|gn|>to]G(g"/c)d“
< Glto/e)u(En) + [ 5Glgn)dn

< -4 - =c¢.
s tg=¢

So the claim is established.

Now choose a subsequence (ng, ) of (ng) so that

=~ Ins,,

Let g = > _1 gn,,, - Then g is well defined and g € L, since [ G(g/c)du < oo. Since (fy)
is weakly null, we must have [gf,, du — 0 as m — oo. But for each positive integer m

we have
[ ofudi ] = | [ (3 g, o, i |
j=1

15



> ’/gnkmfnkmdﬂy - Z |/gnkjfnkmdlu|
jAm
J#km

which is a contradiction. I
As a corollary to the theorem above, we get the following result that resembles the

Dunford-Pettis theorem for L.

Corollary 2.9 Let F' € Ay and suppose that its complement G satisfies
G(ct)

tliglo G = oo for some ¢> 0.

Then a bounded set IC C LY is relatively weakly compact if and only if IC has equi-absolutely

continuous norms.

Proof : Suppose that K C L}, is relatively weakly compact. If K fails to have equi-absolutely
continuous norms then there is an gy > 0, a sequence (f,) C K and a sequence (FE,) of
measurable sets with u(E,) — 0 so that || xg, fn ||F > €0, for each positive integer n. By
the Eberlein-Smulian theorem, there is an f € L}, and a subsequence (f,,) of (f,) so that
fn, — f weakly in L% . So by Theorem (2.8), (f,, — f) has equi-absolutely continuous
norms. Thus || xg,, (fo, = f) |[F = 0ask —oco. As F'€ Ay and f € Lj, f has absolutely

continuous norm. Hence || xg,, f [[r — 0 as k — co. But

g0 <[l Xpu, fux |r <\ X F I+ [ X, (Fr = ) I

which is a contradiction.

The converse is just Theorem (2.3). §
Corollary 2.10 Under the hypothesis of Corollary (2.9), L} has the weak Banach-Saks
property.

16



Proof : It follows directly from Corollary (2.9) and Theorem (2.3). I
Recall that an N-function G satisfies the A condition if there is ¢ > 0 so that tG(t) <

G(ct) for large values of t. If G € Aj then its complement F' € A, [12, pages 29-30].

Furthermore it is clear that lim;_ %(ét)) = 00. Also note that if G € A% then G € A3 .
In [12, page 30] the following question is posed: Given an N-function F' € A’ is it possible

to find an N-function H, equivalent to F' so that for some K > 0
H(zy) < K-H(x) H(y) Vo,ye R?
The following theorem answers this question in the negative.

Theorem 2.11 Suppose that G € A? and let F' denote the complement of G. Then there is
no N-function H equivalent to F which satisfies the following condition:

There is a K > 0 so that H(ty - ty) < K - H(t1) - H(t2) for all real t, and t,.

Proof : Suppose that such an H existed. Let p denote Lebesgue measure on the interval

[0, 1]. Since p is non-atomic, we can find a sequence (E,,) of pairwise disjoint measurable sets,

each of which has positive measure. For each positive integer n, let h, = H _l(u(}E’n))X B, -

Then h,, € Lj; with [ H(h,)du =1 for all positive integers n. It follows from Lemma (2.1)
that no subsequence of (h,) has equi-absolutely continuous norms.
We now claim that (h,,) is weakly null. Let (h,,) be any subsequence of (h,). Then for

any positive integer N we have

JHG S ho)dn < K H() - [ HOE o)

<

K H(}V»kZ [ H
- K H(}Vr];lu(;nk)u(mk)
- K. H(]if) "N



Since H is an N-function, lim;_,q @ = 0. Thus limy_ . K-H(%) -N = 0. But since H € A’
then H € Ay. So || & 352y hn, ||z — 0. To summarize, every subsequence of (h,,) has norm

null arithmetic means and so (h,,) is weakly null as we claimed. Now since F' is equivalent

to H, there are constants A\ > 0 and Ay > 0 so that

M le < flla < Xl flle for all f e Ly(=Ly).

By Theorem(2.8), (h,) has equi-absolutely continuous F-norms and thus, by the inequality
above, (h,) also has equi-absolutely continuous H-norms.

But this is clearly a contradiction. I

Remark: The same result can be obtained from the work of T. Ando in [2]. Specifically
it follows directly from [2, Theorem 1|, that given F' € Ay, a subset K of L} is relatively

weakly compact, if and only if

fi (sup{* 2+ f € ) =0

With this fact in hand, we can easily prove the following theorem.

Theorem 2.12 Let F' be an N-function satisfying the A" condition for all real x,y. That is

there is K > 0 so that F(xy) < K - F(x) - F(y) for all z,y € R. Then L} is reflexive.

Proof: Since F' € A’ then I’ € A,. Furthermore

%1_1)% (sup{F(:f) - fe BL}}) _ %E}% (sup{fﬂ F(tf(;d))d/ﬁ(w) L fe BL}})
< Jim <Sup{ng'F(t)'It*"(f(w))dﬂ(w) feBLY)
- o

Thus By is relatively weakly compact and so L7, is reflexive. §

18



Now it is easy to see that given any N-function F' € A’ so that its complement G ¢ A,,

then there is no N-function H equivalent to F' so that, H satisfies A’ for all real x,y.
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